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CIhI Abstract: We report triangular auto-Backlund transformations for the solutions of a fifth- 

' order evolution equation, which is a constraint for an invariance condition of the Kaup- 

. Kupershmidt equation derived by E. G. Reyes in his paper titled "Nonlocal symmetries 

CN ; and the Kaup-Kupershmidt equation" [J. Math. Phys. 46, 073507, 19 pp., 2005]. These 

auto-Backlund transformations can then be applied to generate solutions of the Kaup- 
Kupershmidt equation. We show that triangular auto-Backlund transformations result 
from a systematic multipotentialisation of the Kupershmidt equation. 



1 Introduction 

^ ■ In his paper [7] , Reyes reports an invariance of the Kaup-Kupershmidt equation 

0\ ^ 25 

^ ■ It = Ixxxxx + ^QQxxx + -^QxQxx + Sg^gx, (1-1) 

' by the following 

o \ 

^ ! Proposition 1: [7J The Kaup-Kupershmidt equation, lil.l]) . is invariant under the trans- 

formation q q, in which 

><]: q = q + 3ilnB)^^, (1.2) 

- - -' where the variables q and B are related by 



,(:M) = -^ + j^^| (1.3) 

and B{x,t) is a solution to 

— Q BxxBxxxx B'^xx I BxxxBxx ^"^^ ^xx fl 4') 

t - xxxxx 4 Bx 4 B^ 16 S3 ■ ^ ' ' 



^Communicated by F. Calogero 
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In the current letter we report a class of auto-Backlund transformations, known as 
the triangular auto-Backlund transformations (or A-auto-Backlund transformations [5]), 
by a systematic multipotentialisation of the equation ()1.4p . Triangular auto-Backlund 
transformations have been defined and demonstrated in our recent paper [5]. For details 
on the multipotentialisation procedure we refer the reader to our papers [3| and [4]. We 
show that the equation, 



2 

_ c- VxxVxxxx ^ Vxx'^xxx ^.n 

'Jt — fJxxxxx " r O 5 \^-'^) 

Vx Vi 



plays a central role in the construction of solutions of the Kaup-Kupershmidt equation 
and consequently we find the general stationary solution of (11. Sp by calculating its first 
integrals. 

We remark that both equations (|1.4p and (jl.Sp first appeared in a paper by J. Weiss 
[S] on the Painleve analysis in the form of singularity manifold constraints for the Ku- 
pershmidt equation (see eq. (3.32) in [9]) and the Caudrey-Dodd-Gibbon equation (see 
eq. (3.21) in ^), respectively. For more details on the Painleve analysis and singu- 
larity manifolds we refer the reader to [8]. Furthermore, both (jl.4p and (jl.5p are known 
symmetry-integrable equations and appear in [6] as part of the list of fifth-order semilinear 
integrable evolution equations (see equations (4.2.12) and (4.2.11) in [6]). The recursion 
operators for both equations ()1.4p and (11. Sp are given in |2j. 



Let 



Multipotentialisations and A-auto-Backlund transforma- 
tions 



ut = F\u\ (2.1) 



denote an evolution equation in u, where F\vi\ denotes a given function that depends 
in general on x, i, u and x-derivatives of u. The procedure to potentialise (|2.ip in the 
equation 

vt = G\vx\ (2.2) 

is well known (see e.g. [1] and [1]). Equation ()2.2p is known as the potential equation 
of (j2.ip . For the benefit of the reader and to establish the notation we describe this 
procedure briefiy: The potentialisation of (12. ip in (12. 2p . if it exists, is established by a 
conserved current of ()2.ip and the relation to the potential variable v is then 

Vx = ^*M, (2.3) 

where 



(2.4) 
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and is the conserved flux of ()2.ip . Here Dt and are the total t- and x-derivatives, 
repectively. Conserved currents, for (|2.ip can be obtained by the relation 

A[u] = E[u\^*[u], (2.5) 

where A is an integrating factor (also cahed multiplier) of (j2.ip that can be calculated by 
the relation 

E[u] {A[u]ut - A[u]F[u]) = 0. (2.6) 
Here E[u] is the Euler operator, 

m = ^-D^o^-D,o^ + Dlo^-Dlo^ + .... 
ou dux dut du2x ou^ix 

A multipotentialisation of (j2.ip exists if (j2.2p can also be potentialised. A A-auto- 
Backlund transformation for (12. ip exists if (12. 2p potentialises back into the original equa- 
tion (j2.ip . In fact we have define three different types of A-auto-Backlund transformations. 
Details are in jS], where several examples of A-auto-Backlund transformations are given 
for some third-order and fifth-order evolution equations, as well as for systems in (1+1) 
dimensions and higher dimensional evolution equations. 

Our starting point is the Kupershmidt equation 

' b 125 

(2.7) 

which potentialises under 

[/, = K (2.8) 
in the first potential Kupershmidt equation, 

Ut = f/xxxxx + XU^xU^xx - — {UlUxxx + UxU^x) + ( 5 j (2.9) 
and, in turn again potentialises under 

Ux = -^exp(^-'^U^ (2.10) 
in a second-potential Kupershmidt equation, 

^^XX^XXXX ^^^XXX I ^^^xx^xxx -^^^^xx (O ^^\ 

Ux 'iUx lOU^ 



In addition, the first potential Kupershmidt equation ()2.9p also potentialises in 

2 

^Xx'^XXXX , ~ V^^VxxX i n\ 

vt = Vxxxxx - 5 + — (2.12 
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under 

= ^ exp Qc/^ . (2.13) 

A connection between the Kupershmidt equation, (|2.7p . and the equation (j2.1ip is given 
by the differential substitution 

i^(^,t) = -^ — , (2.14) 
2A Ux 

which is obtained by combining Ux = K and Ux = — 5/(2A) exp(— 2{7/(5A). 

Furthermore, we can connect the first potential Kupershmidt equation, (12. Oh . and the 
Kaup-Kupershmidt equation 

Qt — QxXXX ~\~ fJ-QQxXX H '^QxQxX H (2'15) 

for arbitrary constant /i 7^ 0, by the differential substitution (given in [6] for the special 
case, /X = 5 and A = 5) 

We now focus our attention on equation (I2.1ip . For this equation the most general 
second-order integrating factors are 

Ai[n] = aux^^^uxx, A2M = a (uu-^^^Uxx - '^u'^^'^) , (2.17) 
which leads to two potentialisations in (j2.12p with a = —3/4, namely 

Vl,x = Ux^^"^, V2,x = UUx^/"^, (2.18) 

respectively. See the Diagram below. Furthermore, the most general second-order inte- 
grating factors of equation (I2.12P are 

Kn[v] = v^'^-\^-'\, n = 0,1, 2, 3, 4. (2.19) 

The integrating factor Aq and A4 lead to the potentialisation of equation (j2.12p in equation 
(f2lT]l . namely 

«3,x = Vx"^, U4^x = V^Vx^, (2.20) 

respectively. See the Diagram below. 

Diagram: 



Eq.jlll]) in m 



Eq.dlll]) in U2 



1/2 



Vt — Vxxxxx 



^'^X "^XX^XXXX ~\~ Sfj; Uxx^XXX 



5 



Combining the above potentialisations for the equation (j2.1ip and the equation (|2.12p . 
leads to the following A-auto-Backlund transformations for these equations: 

Proposition 2: The equation (2.11\) . viz. 

^UxxUxxxx ^xxx 65 Uxxx^xa; ^'^^ ^xx 

— "^xxxxx ~, I ] 9 '~r^ T~ 

Ux 4 Ux 4: lb tig 

admits the following A-auto-Bdcklund transformations: 

1/2 



1J'j+l,xx — 1^j+l,x 



Uj-\-l^xx — Uj^ix 



U 



'J,XX 



U 



Un 



^ ^ "'j+l,x 



U 



'J,XX 



U 



+ 4u 



3/4 

■j+l,x 



^3,x J 



where Uj and lij+i satisfy \2.11\) for all natural numbers j. 
Proposition 3: The equation i2.12\} . viz. 

2 

f~VxxVxxxx r'^xx'^xxx 

Vt — Vxxxxx r O 15 ) 

vx vi 

admits the following A-auto-Bdcklund transformations: 



Vj-\-l^xx — '^j+l.x 



Vj-\-l^xx — Vj-\-i^x 



Vj^xx 


1 






Vj,x 




Vj^xx 


1 

+ , 

Vj,x 




- ''^j,^ - 




Vj^xx 


-2^ 

Vj J 


+ — 

Vj,x 


_ Vj^x 



where Vj and Uj+i satisfy i2.12\) for all natural numbers j. 



(2.21a) 
(2.21b) 



(2.22a) 
(2.22b) 
(2.22c) 



Remark 1: We note that in addition to the transformations given by Proposition 2 and 
Proposition 3, both (12. lip and (I2.12P admit the symmetry transformation 

= h constant, f j+i = h constant (2.23) 



which are included in the Diagram: combine Vx = with Vx = U2U2 l/'^, and Ux = Vi'^ 

with Ux = V2''^2x^ respectively. Note that these relations were also identified by Weiss (see 
relation (3.37) in [S]). 



Remark 2: The A-auto-Backlund transformations ()2.21ap and (|2.21bp given in Proposi- 
tion 2 can be linearised, as those are in the form of first-order Bernoulli equations under 
the substitution Uj+i^x = Wj+i. 
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3 Solutions 

In the above Diagram it is clear that equation ()2.12p . viz. 

Vt — Vxxxxx I 9 ) 

Vx vi 

plays a central role in the connection between the Kupershmidt-, the Kaup-Kupershmidt 
and equation (|2.1ip . 

We now find the most general stationary solution for equation (j2.12p by calculating the 
first integrals and the general solution of the ordinary differential equation 

^'^xx'^xxxx I ^'^xx'^xxx 1^ I'l ^\ 

Vxxxxx I 9 — 'J- V"^'^/ 

Vx vi 

We find that equation (j3.ip admits five second-order integrating factors, {Aq, Ai, A2, A3, A4}: 



An{x,V,Vx,Vxx) = an'^ - (3.2) 

vt 2 vi 



where 

a„(7;)=t;" with n = 0,1,2,3,4. 

Here the primes denote derivatives with respect to v. The corresponding five first integrals 
are then 

" " V vt 2vl) """" 2°" vt + V2 " vl 2vx) 



XXX 



-\<vxx + -/^^vl n = 0,1, 2, 3, 4. 
Combining /q, /i, I2, I3 and I4, we obtain 

Vx = {W - ^hv^ + Qhv^ - ihv + hf^'^ , 
with the condition 

loh - ^hh + 3ll = 0. 
So the general solution of (j3.ip is given by the quadrature 

[Iqv^ - Ahv^ + 6l2V^ - AI3V + I4) "^^^ dv = x + C, (3.3) 



/ 



where C is a constant of integration. Since the quadrature (|3.3p contains five independent 
free constants, it represents the most general stationary solution of ()2.12p . This solution 
can now be used to generate nonstationary solutions for (j2.12p by the A-auto-Backlund 
transformations of Proposition 3 and, by applying the transformations in the above Dia- 
gram, solutions of (j2.1ip can be constructed. Then by Proposition 1, the so constructed 
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solutions of ()2.1ip lead to solutions of the Kaup-Kuperslimidt equation, as well as solutions 
of the Kupershmidt equation by the differential substitution (j2.14p . 

For example, by ()3.3p with Iq = Ii = I2 = I4 = C = and I3 = —2 we obtain the 
solution 

v{x, t) = 2x'^ 

for ()2.12p and hence the solution 

u{x, t) = 16x 

for (j2.1ip . Applying now, for example, the A-auto-Backlund transformation (I2.21ap leads 
to the solution 

uix, t) = - ^cix^ + 2c\x^ - 4c?x - c\x~^ - 576cit + C2, 

where ci and C2 are arbitrary constants. Appplying again (I2.21ap . setting ci = C2 = for 
simplicity, we obtain the following solution for (j2.1ip : 

Proposition 1 can now be applied with the above solutions of (|2.1ip (put u{x, t) = B{x, t) in 
(II. 2p and (11. 3p ) to gain solutions for the Kaup-Kupershmidt equation (II. ip . Furthermore, 
solutions of the Kupershmidt equation, ()2.7p . are then given by the differential substitution 
(!2l4]l . 

Acknowledgements 

We thank the anonymous referees for their constructive and critical suggestions which 
led to the improvement of this letter, and the Wenner-Grenn Foundations for financial 
support. 

References 

[1] Anco C S and Bluman G W, Direct construction method for conservation laws of 
partial differential equations Part II: General treatment. Euro. Jnl. of Applied Math- 
ematics 13, 567-585, 2002. 

[2] Euler M and Euler N, A class of semilinear fifth-order evolution equations: Recursion 
operators and multipotentialisations, J. Nonlinear Math. Phys. 18 Suppl. 1, 61-75, 
2011. 

[3] Euler N and Euler M, On nonlocal symmetries, nonlocal conservation laws and nonlo- 
cal transformations of evolution equations: Two linearisable hierarchies, J. Nonlinear 
Math. Phys. 16, 489-504, 2009. 

[4] Euler N and Euler M, Multipotentialisation and iterating-solution formulae: The 
Krichever-Novikov equation, J. Nonlinear Math. Phys. 16 Suppl. 1, 93-106, 2009. 



8 



[5] Euler N and Euler M, The converse problem for the multipotentiahsation of evolution 
equations and systems J. Nonlinear Math. Phys. 18 Suppl. 1, 77-105, 2011. 

[6] Mikhailov A V, Shabat A B and Sokolov V V, The symmetry approach to classification 
of integrable equations, in What is Integr ability?. Editor Zhakarov E V, Springer, 
115-184, 1991 

[7] Reyes E G, Nonlocal symmetries and the Kaup-Kupershmidt equation J. Math. Phys. 
46 073507, 19 pp., 2005. 

[8] Steeb W-H and Euler N, Nonlinear Evolution Equations and Painleve Test, World 
Scientific, 1988. 



[9] Weiss J, On classes of integrable systems and the Painleve property J. Math. Phys. 
25, 13-24, 1984. 



